This paper presents a mathematical model for predicting the geometrical shapes of rigid, two-pin, moment-less arches of constant cross section. The advancement of this work lies in the inclusion of arch self-weight and the ability to produce momentless arch forms for any span/rise ratio, and any ratio of uniformly distributed load per unit span, w, to uniformly distributed arch weight per unit arch length, q. The model is used to derive the shapes of two classical 'moment-less' arch forms: parabolic and catenary, prior to demonstrating a general case, not restricted by the unrealistic load assumptions (absence of q, in the case of a parabolic form, or no w, in the case of a catenary arch). Using the same value of span/rise ratio, and w/q > 1, the behaviour of the momentless and parabolic arches under permanent loading, (w + q), is analysed. Results show the former to be developing much lower stresses than its parabolic rival, even when there are relatively small differences in the two geometries; for a medium span/rise ratio of 4 and w/q = 2, differences in the parabolic and moment-less arch geometries would, in practical terms, be viewed as insignificant, but the stresses in them are different.
Introduction
The question of structural form is viewed mainly as an architectural matter concerned with aesthetics and function. In practice, the shape of an arch is imposed at the conceptual design stage, usually resulting in one of three idealized configurations: circular, parabolic or catenary. These forms become moment-less arches under certain load conditions that can be reproduced in a physical experiment: an inextensible chain that hangs under its own weight produces a catenary shape; a weightless chain carrying a load uniformly distributed The proposed moment-less arch model covers three main load cases: w/q > 1, w/q = 1 and w/q < 1. Only the first case is significant in terms of optimal structural design; the other two would produce low stresses in the arch, but might be considered as being of architectural interest. It is shown how the model can be applied to generate two special cases of moment-less arch forms, i.e. parabolic and catenary, before demonstrating the general case involving any w/q and l/h ratios. The work is completed by using case studies, which help to assess advantages of moment-less arches over the parabolic forms.
General equations of equilibrium
The arch to be analysed is taken to be a rib arch with self-weight, q, taken as a uniform load density per unit arch length. The structure, shown in figure 1, is supporting a deck weight exerting a uniformly distributed load per unit span, w. Figure 2 illustrates forces that act at on the arch segment, PB. These include an axial force T, a shear force, S, at the face of the section at P and a bending moment, M. At the pin supports, vertical and horizontal reactions are present, V and H, respectively. For ease of calculation, variable η is introduced to run alongside the x-axis. The usefulness of η (figures 1 and 2) can be seen with reference to equation (2.4) where it is used to calculate the lever arm for each element of arch length ds relative to P. The angle θ (figure 2) is the acute angle between the tangent at point P and the x-axis, the overall (un-deformed) arch length is c, and c(x) is the length of arch profile from the apex to an arbitrary point on the arch.
From overall vertical equilibrium of the arch, we have
For the equilibrium of the segment PB, we have Vertically
Horizontally 
(2.5)
Taking θ to be the acute angle between the tangent at P and the x-axis gives tan θ = −y , and, consequently, sin θ = −y 1 + y 2 1/2 and cos θ = and If the force at every cross section along the arch is purely compressive, then it is necessary for the shear force S to be zero at every cross section. When this is so, then, from equation (2.10), M is constant over the length of the arch. Because M is necessarily zero at the pin, its value is not only constant, but equal to zero everywhere. Thus, it follows that a necessary and sufficient condition for a two-pin rib arch to be a pure axial force structure is that the shear force is zero everywhere. Consequently, we are left only with the expression for T and T is not zero in general. It is important to note that this result (equation (2.11)) is quite general, i.e. it applies to any ratio of the uniformly distributed loads, w/q.
Classical cases of a moment-less arch
As stated earlier, the two well-known cases of a moment-less arch forms are (i) parabolic, where arch self-weight is assumed to be negligible, and (ii) catenary, where the uniformly distributed deck load is negligible. For completeness, each of these cases is derived below.
(a) Parabolic arch
Putting q = 0 in equation (2.7) and taking S = 0 gives
where C is arbitrary constant. 
On further differentiation
Noting that Using this result and also introducing β = q/H and p = 1 + y 2 gives 1 2 dp dy = −βp 1/2 or dp
which, after integration gives
Imposing
Squaring equation (3.5), substituting for p, and separating the variables gives, after integration,
Imposing y(0) = h, gives 1 = cosh βC , and hence C = 0. 
which is a shape of an inverted catenary. The horizontal reaction H, which enters equation (3.7) via β, is unknown. As previously, it can be determined by imposing a geometrical condition y(±1/2) = 0. This gives a transcendental equation for β
which can be solved numerically.
General case of a moment-less arch. Derivation of shape equations
This case is the closest to reality, as it includes the self-weight linear density of the arch, q, as well as the uniformly distributed deck load, w. As will be shown later, this case does not lead to a differential equation that can be integrated in closed form, but it does permit a parametric solution for y and x separately. From equation (2.7), putting S = 0, gives
On differentiating equation (4.1) and putting α = w/H, and β = q/H,
which is the governing nonlinear differential equation for the general case. This equation has a smooth solution that can be rendered unique by choice of appropriate boundary conditions. Considered as a two-point boundary value problem: y = 0, at x = ±l/2, the graph of the solution, which equation (4.2) indicates is concave down, will have a positive slope for x < 0, and a negative slope for x > 0. Because the solution we are seeking is smooth, it follows that y = 0 at x = 0, corresponding to maximum rise. In constructing an actual solution, it is found convenient to treat the issue as an initial value problem, with y = h and y = 0, at x = 0, and use the condition at the pin, y = 0, at x = l/2, to determine the unknown horizontal reaction.
(a) Moment-less arch: parametric solution for y
The chosen parameter z is such that where C is arbitrary constant and
Imposing y(0) = h; y (0) = 0;
Thus, the shape equation for y is
A feature of the solution is that while it depends on α/β = r (and hence the w/q ratio), it also depends upon β = q/H explicitly.
(b) Moment-less arch: parametric solution for x
The parametric solution for x is found following a similar process to that outlined above. From equation (4.2) dy dx = − α + β 1 + y 2 1/2 , and the separated form is
where C is arbitrary constant. Using z 2 = 1 + y 2 , y dy = zdz, and recalling that y < 0 and, therefore y = − z 2 − 1, the integral I 1 on the left-hand side of equation (4.4) becomes
With the substitution z = cosh θ
where ω = e θ , r = α/β = w/q or
where
z = 1 + y 2 and noting that I 1 = −x + C, C is arbitrary constant.
The value of the integral I 2 depends upon the sign of 1 − r 2 . Theoretically, there are three cases to be considered: Only case (a) is considered to be of structural importance and will be considered here in detail. The remaining two cases may be of architectural interest, but have the unfortunate consequence of the arch carrying the same, or greater, weight than the deck weight. This would lead to understressing of the arch cross section/inefficient use of material. Solutions to the last two cases are given in appendix A.
In the case (a): r > 1, the integral I 2 can be written as
Substituting I 2 into equation (4.6) and noting (4.4) gives
the parametric solution for x in this case is
Solution process
To find the arch profile, it is necessary to give values of the parameter z over the semi-span, in order to generate corresponding values of x and y. The value of z at x = 0 is 1. The value of z at x = l/2, denoted asz is unknown, but can be determined from equations (4.3) and (4.7) as follows.
Using equation (4.3) and the boundary condition y(l/2) = 0, we get
and substituting x = l/2 into equation (4.7) gives
where F (z) is chosen to be the remainder of equation (4.7). In cases of r = 1, and r < 1, F (z) is similarly determined using equations (A 1) and (A 2), respectively. Dividing equations (5.2) by (5.1), we get a single equation forz Figure 3 shows shapes of moment-less, parabolic and catenary arches corresponding to l/h = 1.5, 2 and 4. The shapes were generated using equations (4.7) and (4.3)-in the case of general moment-less forms, and equations (3.1) and (3.2)-in the case parabolic arches. Catenary forms were obtained using equations (3.7) and (3.8) . In the case of a general moment-less arch, to ensure a good definition of the shape, non-uniform spacing of the parameter z had to be selected, resulting in non-uniform spacing of x-coordinates. In addition, the value of the parameter z had to be calculated to a high degree of accuracy.
With reference to figure 3, it can be seen that the proposed model predicts correctly the moment-less arch forms to lie between the two limits: catenary (optimal for w = 0) and parabolic (optimal for q = 0). At l/h = 2, there is a small, but notable difference between the parabolic and moment-less arch geometries, with the maximum difference in the y coordinate of 0.461 m, at x = 17.768 m (electronic supplementary material, table S1).
Electronic supplementary material, table S1 contains geometrical data for medium rise arches, corresponding to l/h = 4. It is somewhat unexpected to see that for this span/rise ratio, the differences between the parabolic and moment-less arch geometries are, in practical terms, insignificant, with the maximum difference in the y coordinate of 0.075 m at x = 17.062 m.
As parabolic arches would be the usual choice for the case of r > 1, they are chosen for further stress analysis and comparisons with the moment-less arch forms.
Electronic supplementary material, tables S2 and S2a give horizontal and vertical reactions, and axial forces for high rise (l/h = 2), and medium rise (l/h = 4) arches, respectively. Horizontal reactions in the parabolic arch were found using Timoshenko beam theory (linear analysis) offered by GSA software, earlier checked for accuracy using hand calculations. Axial stresses in both types of arches follow axial force values, because their cross section area is 1 m 2 . For the parabolic arch, bending moments are given together with the stresses combining axial force and bending, acting normal to the cross section. Bending moments for the moment-less arch form are not given, as they are zero (within round of error). Reactions for the two types of arches are similar, but it is worth noting that the contribution of arch self-weight to the total vertical reaction, V, was found to be significant: around 42% for l/h = 2, and 36% for l/h = 4. Figures 4-6 provide graphical illustration of data in the electronic supplementary material, tables S2 and S2a, but for the whole length of the arch. Results show the axial forces in the moment-less arch to be consistently lower than in the parabolic form, but there is little difference between the two sets of values. At the same time, as can be seen from figure 5, significant bending moments develop in the parabolic arch, within a range of ±300 kNm in the case of l/h = 2, and a third of that value for l/h = 4.
It can be seen that stresses owing to bending combined with the axial force ( figure 6 and electronic supplementary material, table S2) produce resultant stresses that vary from tensile to compressive, across the arch cross section. This is in sharp contrast to the moment-less arch behaviour, characterized by pure compression. It is also interesting to note that, for l/h = 4, differences between the parabolic and moment-less arch geometries are, in practical terms, insignificant; yet there are significant differences in stresses developing in the two types of arches, as shown in figure 6 .
Results in the electronic supplementary material, tables S2 and S2a, show that the largest resultant stresses in the parabolic arch develop in the upper face; it is these stresses that are plotted in figure 6 . Comparison of the maximum compressive stresses reveals the parabolic arch to have values at least twice as high as the moment-less arch forms.
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Summary and conclusions
This paper presents a mathematical model for shaping moment-less, two-pin, rib arches of constant cross section. The proposed model includes both arch weight density, q, and the uniformly distributed load per unit span, w, and its uniqueness lies in the ability to produce moment-less forms for any values of w/q and span/rise ratio, l/h. The approach adopted can be compared with an analytical form-finding process in which the shape of a structure is a function of permanent loads applied to it [12] . By eliminating bending moments, the moment-less arch is shaped by the chosen span/rise ratio, and axial force only. Case studies presented in this paper concern arches made of concrete-a material that is weak in tension. The results show that the arch self-weight makes a significant contribution to the reaction forces; yet, most optimization methods tend to ignore arch self-weight as small.
Compared with the parabolic form, for the case w/q = 2, l/h = 2, the moment-less arch develops much lower compressive stresses and no tension forces under the load considered. In the case of l/h = 4, differences in the parabolic and moment-less arch geometries would, in practical terms, be viewed as insignificant, but the stresses in them are quite different, with the parabolic arch achieving values at least twice as high as the moment-less form.
Further exploration of the effects of w/q and l/h on the results will lead to a set of design recommendations, bearing in mind that the resulting moment-less structures must also be safe under defined transient loads appearing during construction, and with live loads acting on part of the span.
It is found that relatively small differences in overall geometries of the two arch forms can result in large differences in stresses. This, combined with the fact that the calculated moment-less
